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HOMOLOGICAL APPROXIMATIONS FOR PROFINITE AND
PRO-p LIMIT GROUPS
JHOEL S. GUTIERREZ
Abstract. We study homological approximations of the profinite comple-
tion of a limit group (see Thm. A) and obtain the analogous of Bridson and
Howie’s Theorem for the profinite completion of a non-abelian limit group (see
Thm. B).
1. Introduction
Recently, M. Bridson and D. Kochloukova (see [2]) studied asymptotic behavior
of the dimensions of the homology groups of normal subgroups of finite index of a
limit group that allowed them to calculate its analytic Betti numbers.
In the present paper we study asymptotic behavior of the dimensions of the
homology groups of open normal subgroups of the profinite completion of a limit
group. The profinite completion of a limit group belongs to the class of pro-C
groups Z(C) studied by P. Zalesskii and T. Zapata (see Section 3 in [14] for more
details). In our first result we generalize Theorem F(c) (see [14]) for the profinite
completion of limit groups.
Theorem A. Let G be a limit group, p a prime number, and {Ui}i≥1 a sequence of
open normal subgroups of Ĝ such that Ui+1 ≤ Ui for all i ≥ 1 and cdp(
⋂
i≥1
Ui) ≤ 2.
Then
(1) lim
−→
i
dimFp Hj(Ui,Fp)/[Ĝ : Ui] = 0 for j ≥ 3;
(2) If {[Ĝ : Ui]}i≥1 tends to infinity we have
lim
−→
i
dimFp
(
H1(Ui,Fp)−H2(Ui,Fp)
)
/[G : Ui] = −χp(Ĝ);
(3) If
⋂
i≥1
Ui = 1 we have lim−→
i
dimFp H2(Ui,Fp)/[Ĝ : Ui] = 0
and lim
−→
i
dimFp H1(Ui,Fp)/[Ĝ : Ui] = −χp(Ĝ) ≥ 0. In particular the rank
gradient of Ĝ is non-negative.
Note that a finitely generated non-trivial normal subgroup of a free group as
well as of its profinite completion is of finite index (see [11, §8.6, Thm. 8.6.5]).
Celebrated Bridson and Howie’s Theorem (see [1, Thm 3.1] ) states that a finitely
generated non-trivial normal subgroup of a limit group is of finite index. Using
methods of M. Shusterman (see [12]) we prove the following analog of Bridson and
Howie’s Theorem.
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Theorem B. Let G be a non-abelian limit group, and let N 6= 1 be a finitely
generated normal closed subgroup of Ĝ. Then [Ĝ : N ] <∞.
Theorem A was proved by Kochloukova and Zalesskii (see [10]) for the pro-p
analogs of limit groups introduced by D. Kochloukova and P. Zalesskii (see [9])
using the construction of extension of centralizers. The following result establishes
it over Qp.
Theorem C. Let G be a pro-p limit group and let {Ui}i≥1 be a sequence of open
subgroups of G such that Ui+1 ≤ Ui for all i ≥ 1 and cdp(
⋂
i≥1
Ui) ≤ 2. Then
(1) lim
−→
i
dimQp
(
Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui] = 0 for j ≥ 3;
(2) If {[G : Ui]}i∈I tends to infinity we have
lim
−→
i
(
dimQp (Qp ⊗Zp H1(U,Zp))− dimQp(Qp ⊗Zp H2(U,Zp))
)
/[G : Ui] = −χp(G);
(3) If
⋂
i≥1
Ui = 1 we have
lim
−→
i
dimQp
(
Qp ⊗Zp H2(Ui,Zp)
)
/[G : Ui] = 0
and
lim
−→
i
dimQp
(
Qp ⊗Zp H1(Ui,Zp)
)
/[G : Ui] = lim−→
i
rkQp(Ui)/[G : Ui] = −χp(G)
.
Corollary D. Let G be a pro-p limit group and let {Ui}i≥1 be a sequence of open
subgroups of G such that Ui+1 ≤ Ui and
⋂
i≥1
Ui = 1. Then
lim
−→
i
T (Ui)/[G : Ui] = 0,
where T (Ui) is the rank of the torsion group of U
ab
i .
Acknowledgement: The author would like to thank P. Zalesskii for a very useful
comment concerning an earlier version of the paper.
2. Preliminaries
This section contains certain preliminary results which will be of use later.
2.1. Limit groups.
2.1.1. Extension of centralizers. Starting from a limit group G there is a standard
procedure to construct a limit group G(C,m), where C ⊆ G is a maximal cyclic
subgroup of G and m ∈ N. This procedure is known as extension of centralizers,
i.e., if G is a limit group, then
(2.1) G(C,m) = G ⋆C (C × Z
m)
is again a limit group (see [7, Lemma 2 and Thm. 4]). For short we call a limit
group G to be an iterated extension of centralizers of a free group (= i.e.c. free
group), if there exists a sequence of limit groups (Gk)0≤k≤n such that
(E1) G0 = F is a finitely generated free group, and Gn ≃ G;
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(E2) for k ∈ {0, . . . , n− 1} there exists a maximal cyclic subgroup Ck ⊆ Gk and
mk ∈ N such that Gk+1 ≃ Gk(Ck,mk).
If G is an i.e.c. free group, one calls the minimum number n ∈ N0 for which there
exists a sequence of limit groups (Gk)0≤k≤n satisfying (E1) and (E2) the level of G.
This number will be denoted it by ℓ(G). E.g., a finitely generated free group is an
i.e.c. free group of level 0, and a finitely generated free abelian group is an i.e.c.
free group of level 1.
2.1.2. The height of a limit group. By the second embedding theorem (see [6, §2.3,
Thm. 2], [7, Thm. 4]), every limit group G is isomorphic to a subgroup of an i.e.c.
free group H . The height ht(G) of G is defined as
(2.2) ht(G) = min{ ℓ(H) | G ⊆ H, H an i.e.c. free group}.
E.g., a limit group G is of height 0 if, and only if, it is a free group of finite rank,
and non-cyclic finitely generated free abelian groups are of height 1.
2.1.3. Limit groups as fundamental groups of graph of groups. The next proposition
is well-known (see for example [5, Proposition 2.1])
Proposition 2.1. Let G be a limit group of height n ≥ 1. Then G is isomorphic
to the fundamental group π1(G
′,Λ0, T0) of a graph of groups G
′ satisfying
(i) Λ0 is finite;
(ii) for all v ∈ V (Λ0), G
′
v is finitely generated abelian or a limit group of height
at most n− 1;
(iii) for all e ∈ E(Λ0), G
′
e is infinite cyclic or trivial.
The following property have been shown by D. Kochloukova in [8].
Lemma 2.2. For a limit group G its Euler characteristic χ(G) is non-positive.
Moreover, χ(G) = 0 if, and only if, G is abelian.
By construction limit groups are of type FP∞ over Z (and so over Q) and of
finite cohomological dimension (see [8, Cor. 8]))
2.2. The p-deficiency. The notion of p-deficiency (p a prime) of a profinite group
G was introduced in [3, §2.2]. Let G be a finitely generated profinite group. Denote
by d(G) its minimal number of generators. If M is a non-zero finite G-module we
denote by dimM the length of M as Z-module and put
χ2(G,M) =
− dimH2(G,M) + dimH1(G,M)− dimH0(G,M)
dim(M)
∈ Q ∪ {+∞}
(2.3)
and
χ1(G,M) =
dimH1(G,M)− dimH0(G,M)
dim(M)
∈ Q ∪ {−∞}.(2.4)
Definition. If N is a closed subgroup of G and Mp(N) is the set of all finite
Zp[[G]]-modules on which N acts trivially, we define the following invariant:
defp(G,N) = inf
M∈Mp(N)
{1 + χ2(G,M)}.(2.5)
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For simplicity, we put
defp(G) := defp(G, {1})(2.6)
The number defp(G) is called the p-deficiency of G.
Comparing this invariant with the deficiency def(G) of G we observe that
def(G) ≤ defp(G) ≤ dimFp H
1(G,Fp)− dimFp H
2(G,Fp).(2.7)
In [3, Proposition 3.2] the following was shown.
Proposition 2.3. Let G be a finitely generated profinite group and let N be a
normal subgroup of infinite index such that H1(N,Fp) 6= 0. If defp(G,N) ≥ 2, then
dimFp H1(N,Fp) is infinite.
3. Homological approximations for the profinite completion of limit
group
Definition (Euler characteristic). Let G be a profinite group and p a prime number
satisfying the following conditions:
(i) The p-cohomological dimension cdp(G) of G is finite;
(ii) dimFp Hn(G,Fp) <∞, for all n ∈ N0.
The p-Euler characteristic of G is defined as
χp(G) =
∑
0≤i≤cdp(G)
(−1)i dimFp Hi(G,Fp)(3.1)
The following Theorem has been shown by T. Zapata and P. Zalesskii.
Theorem 3.1 (Theorem F in [14]). Let G be a limit group. Then:
(a) Ĝ is of homological type FP∞ over Fp and over Zp.
(b) The Euler characteristic χ(G) of G coincides with the p-Euler characteristic
χp(Ĝ) of Ĝ; hence it is always non-negative and equals 0 if, and only if, Ĝ
is abelian.
(c) If U1 ≥ U2 ≥ U3 ≥ · · · is a descending sequence of open normal subgroups
of Ĝ with trivial intersection, then
lim
i→∞
dimFp Hj(Ui,Fp)
[Ĝ : Ui]
= lim
i→∞
dimFp H
j(Ui,Fp)
[Ĝ : Ui]
=
{
−χp(Ĝ), if j=1
0, otherwise
Remark 3.2. The proof of the following Lemma is analogous to the proof of its
pro-p version (see [10, §5, Thm. 5.1]). Note that, the functions ρ1 and ρ2 do not
depend on the domain G when the sequence {Ui}i≥1 is formed by normal open
subgroups.
Lemma 3.3. Let p be a prime number. Let G be a profinite group acting on a
profinite tree T such that T/G is finite and all vertex and edge stabilizers are of
type FP∞ over Zp. Let j ≥ 1 be an integer and {Ui}i≥1 a sequence of open normal
subgroups of G such that for all i we have Ui+1 ≤ Ui and
lim
i→∞
dimFp Hj(Ui ∩Gv,Fp)/[Gv : (Ui ∩Gv)] = ρ1(v) <∞(3.2)
lim
i→∞
dimFp Hj−1(Ui ∩Ge,Fp)/[Ge : (Ui ∩Ge)] = ρ2(e) <∞(3.3)
for all v ∈ V (T )/G and e ∈ E(T )/G, where ρ1(v), ρ2(e) are continuous functions
with domains {v}v∈V (T )/G and {e}e∈E(T )/G respectively. Then
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sup
−→
i
dimFp Hj(Ui,Fp)/[G : Ui] ≤
∑
v∈V (T )/G
ρ1(v) +
∑
e∈E(T )/G
ρ2(e)
In particular, if ρ1(v) and ρ2(e) are the zero map, then
lim
i→∞
dimFp Hj(Ui,Fp)/[G : Ui] = 0
The Lemma 3.3 will turn out to be useful to generalize the Theorem 3.1(c).
Proof of Theorem A.
(1). We induct on the height of G. First if height of G is 0, then G is a free group,
hence cdp(Ĝ) = cd(G) = 1 and cdp(Ui) = 1. It follows that Hj(Ui,Fp) = 0, for
j ≥ 2 and i ≥ 1.
Assume that the theorem holds for limit groups of smaller height. Let n be
the height of G and Gn = Gn−1 ∗Cn−1 An−1, where An−1 = Cn−1 × B is a free
abelian of finite rank. By Proposition 2.1, G is isomorphic to the fundamental group
π1(Υ,Λ, T ) of a graph of groups Υ based on a finite connected graph Λ whose edge
groups are either infinite cyclic or trivial, and whose vertex groups are either limit
group of height at most n− 1 or free abelian groups.
Since the profinite topology on G is efficient (see [4, §3, Thm. 3.8] ), then Ĝ is
isomorphic to the fundamental group of a finite graph of groups whose groups of
edges are {Ĝe}e∈E(Λ), where Ĝe ∼= Ẑ or {1} and the vertex groups are {Ĝv}v∈V (Λ).
By Theorem 3.1(a), Ĝv and Ĝe are of homological type FP∞ over Zp.
For v ∈ V (Λ) suppose that Gv is non-abelian. Note that the height of Gv
is smaller than the height of G since Gv is inside of a conjugate of Gn−1 or a
conjugate of An−1. By induction applied for the group Gv for a fixed j > 2 we have
ρ1(i, v) = dimFp Hj(Ui ∩ Ĝv,Fp)/[Ĝv : Ui ∩ Ĝv](3.4)
tends to 0 as i goes to infinity.
If Gv is abelian, then Ĝv is free abelian profinite (isomorphic to Ẑ
m, where m is
a finite natural number), hence Ui ∩ Ĝv ≃ Ĝv and
dimFp Hj(Ui ∩ Ĝv,Fp) = dimFp Hj(Ui+1 ∩ Ĝv,Fp),
for every i ≥ 1. If {[Ĝv : Ui ∩ Ĝv]}i≥1 tends to infinity, so for a fixed j ≥ 0
ρ1(i, v) = dimFp Hj(Ui ∩ Ĝv,Fp)/[Ĝv : Ui ∩ Ĝv]
tends to 0 as i goes to infinity. If {[Ĝv : Ui ∩ Ĝv]}i≥1 does not tend to infinity,
then there is i0 ∈ N such that Ui0 ∩ Ĝv = Ui0+1 ∩ Ĝv = Ui0+2 ∩ Ĝv = · · · , hence⋂
i≥i0
(Ui ∩ Ĝv) = Ui0 ∩ Ĝv. So for i ≥ i0 we have
cdp(Ui ∩ Ĝv) = cdp(Ui0 ∩ Ĝv) = cdp
( ⋂
i≥i0
(Ui ∩ Ĝv)
)
≤ cdp
( ⋂
i≥1
Ui
)
≤ 2,(3.5)
It follows Hj(Ui ∩ Ĝv,Fp) = 0, para i ≥ i0, j ≥ 3. Therefore, for a fixed j > 2,
ρ1(i, v) tends to 0 as i goes to infinity.
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Observe that Ĝe is isomorphic to {1} or Ẑ for all e ∈ E(Λ), hence cdp(Ui∩Ĝe) ≤ 1
and Hj−1(Ui ∩ Ĝe,Fp) = 0, para j ≥ 3. Therefore, we have for any j > 2 that
ρ1(i, e) = dimFp Hj(Ui ∩ Ĝe,Fp)/[Ĝe : Ui ∩ Ĝe](3.6)
tends to 0 as i goes to infinity.
Then by Lemma 3.3 the result follows for j > 2.
(2). Since
χp(Ĝ) = χp(Ui)/[Ĝ : Ui] =
∑
j≥0
(−1)j dimFp Hj(Ui,Fp)/[Ĝ : Ui](3.7)
We define a map L(U) := dimFp H1(U,Fp)−dimFp H2(U,Fp), where U ≤o Ĝ, hence
we have
χp(Ĝ) =
∑
j≥3
dimFp Hj(Ui,Fp)/[Ĝ : Ui]− L(Ui)/[Ĝ : Ui] + 1/[Ĝ : Ui].(3.8)
It follows
χp(Ĝ) =
∑
j≥3
lim
i→∞
dimFp Hj(Ui,Fp)/[Ĝ : Ui]− lim
i→∞
L(Ui)/[Ĝ : Ui] + lim
i→∞
1/[Ĝ : Ui].
(3.9)
Hence, by applying (1) and hypothesis, one concludes that
χp(Ĝ) = − lim−→
i
L(Ui)/[Ĝ : Ui].
(3). Note that if
⋂
i≥1
Ui = 1, then [Ĝ : Ui]i≥1 tends to ∞ as i goes to infinity.
For v ∈ V (Λ) suppose that Gv is non-abelian. Note that the height of Gv
is smaller than the height of G since Gv is inside of a conjugate of Gn−1 or a
conjugate of An−1. By induction applied for the group Gv we have
lim
−→
i
dimFp H2(Ui ∩ Ĝv,Fp)/[Ĝv : Ui ∩ Ĝv] = 0,
In the case that Gv is abelian we have that the same argument which was used
in order to prove (1) implies that
lim
−→
i
dimFp H2(Ui ∩ Ĝv,Fp)/[Ĝ : Ui] = 0.
Observe that Ui ∩ Ĝe is isomorphic to {1} or Ẑ for all e ∈ E(Λ), hence we have
dimFp H1(Ui ∩ Ĝe,Fp) ≤ 1 for all i ≥ 1. Therefore
lim
−→
i
dimFp H2(Ui ∩ Ĝe,Fp)/[Ĝe : Ui ∩ Ĝe] ≤ lim−→
i
1/[Ĝe : Ĝe ∩ Ui] = 0.
Then by Lemma 3.3
lim
−→
i
dimFp H2(Ui,Fp)/[Ĝ : Ui] = 0,(3.10)
and hence by (2)
lim
−→
i
dimFp H1(Ui,Fp)
)
/[Ĝ : Ui] = lim−→
i
dimFp L(Ui)/[Ĝ : Ui] + lim−→
i
dimFp H2(Ui,Fp)
)
/[Ĝ : Ui]
= −χp(Ĝ) + 0 = −χp(Ĝ).
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By Theorem 3.1(b),
lim
−→
i
dimFp H1(Ui,Fp)
)
/[Ĝ : Ui] = −χp(Ĝ) = −χ(G) ≥ 0.

The following fact will be useful for showing the analogous of Bridson and Howie’s
Theorem for the case of the profinite completion of limit groups.
Proposition 3.4. Let G be a torsion free profinite group and let N be a normal
subgroup of G. Let p be a prime number and suppose that there is a sequence {Vi}i≥1
of open normal subgroups of G such that Vi+1 ≤ Vi for all i ≥ 1 and
⋂
i≥1
Vi = 1
satisfying the following conditions
(i) There is k1 > 0, such that dimFp H1(NVi,Fp) ≤ k1[G : NVi], for all i ≥ 1.
(ii) There is k2 > 0, such that dimFp H1(N ∩ Vi,Fp) ≤ k2[N : N ∩ Vi], for all
i ≥ 1.
If lim
i→∞
dimFp H1(Vi,Fp)
[G : Vi]
exists and is positive, then |G : N | < ∞.
Proof. Suppose by contradiction that [G : N ] = ∞. Let ǫ > 0 arbitrary. Then
|N | = [G : N ] =∞ implies that exists i0 ∈ N and Vi0 E◦ G such that
|G : NVi0 |, |NVi0 : Vi0 | >
k2 + k1
ǫ
(3.11)
Let H1(Vi,Fp) 6= 0 for i ≥ i0. By the Five Term Exact Sequence (see [11, §7.2,
Thm. 7.2.6]) we have the followings exact sequences
H1(N ∩ Vi,Fp)Vi/Vi∩N
α1−→ H1(Vi,Fp)
α2−→ H1(Vi/Vi ∩N,Fp)→ 0(3.12)
and
H1(N,Fp)NVi/N
α1−→ H1(NVi,Fp)
α2−→ H1(NVi/N,Fp)→ 0(3.13)
By (3.12) and (ii), we have that
dimFp(ker(α2)) ≤ dimFp H1(N ∩ Vi,Fp) ≤ k2[N : N ∩ Vi].(3.14)
Furthermore by (3.13) and (i),
dimFp H1(Vi/Vi ∩N,Fp) ≤ dimFp H1(NVi,Fp) ≤ k1[G : NVi].(3.15)
It follows by (3.12), (3.14) and (3.15)
dimFp H1(Vi,Fp) = dimFp im(α2) + dimFp ker(α2)
= dimFp H1(Vi/Vi ∩N,Fp) + dimFp ker(α2)
≤
k1|G : Vi|
|NVi : Vi|
+
k2|G : Vi|
|G : NVi|
(3.16)
Hence by (3.11) and (3.16),
dimFp H1(Vi,Fp)
|G : Vi|
≤
k1
|NVi : Vi|
+
k2
|G : NVi|
≤
k1 + k2
min{|G : NVi|, |NVi : Vi|}
< ǫ(3.17)
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Therefore, by i ≥ i0 we have
0 ≤
dimFp H1(Vi,Fp)
|G : Vi|
< ǫ(3.18)
Hence by (3.18 ) lim
i→∞
dimFp H1(Vi,Fp)
|G : Vi|
= 0 which is a contradiction.

As a consequence one concludes the Theorem B.
Proof of Theorem B . We havet that Ĝ is torsion free (see [14, Thm. A and
Thm. E ]) and χp(Ĝ) = χ(G) < 0 (see Theorem 3.1(b)). Note that, exists a se-
quence {Vi}i≥1 of open normal subgroups of G such that Vi+1 ≤ Vi for all i ≥ 1 and⋂
i≥1
Vi = 1, hence, by Theorem A(3) we have lim
i→∞
dimFp H1(Vi,Fp)
[G : Vi]
= −χp(G) > 0.
Note that
dimFp H1(NVi,Fp) ≤ d(NVi) ≤ d(G)[G : NVi]
and
dimFp H1(N ∩ Vi,Fp) ≤ d(N ∩ Vi) ≤ d(N)[N : N ∩ Vi].
Therefore the Proposition 3.4 yields the claim. 
In [9], D. Kochloukova and P. Zalesskii answered the analogous of Bridson and
Howie’s Theorem for pro-p limit groups (see [9, §6, Thm. 6.7]). The Proposition 3.4
gives us a different proof of this claim.
Corollary 3.5. Let G be a pro-p limit group non-abelian and let N be a finitely
generated normal closed subgroup of G. Then [G : N ] <∞.
Proof. The Euler characteristic χ(G) of G is negative (see [13, §3, Thm. 3.6]) and
G is torsion free (see [9, §3, Thm. 3.5(ii)]). Note that, there exists a sequence
{Vi}i≥1 of open normal subgroups of G such that Vi+1 ≤ Vi for all i ≥ 1 and⋂
i≥1
Vi = 1. Since lim
i→∞
dimFp H1(Vi,Fp)
[G : Vi]
= −χ(G) > 0 (see [10, §5, Thm. 5.3.(iii)]),
Proposition 3.4 yields the claim. 
Let G = F2 ⋆ (Z × Z), where F2 is a free group of rank two. We have that G
is a non-abelian limit group, and by Kurosh’ Theorem, each abelian subgroup of
G has rank less than or equal to 2. We calculate the p-deficiency of the profinite
completion of a special kind of limit group.
Theorem 3.6. Let G be a non-abelian limit group such that each abelian subgroup
has rank less than or equal to 2 and let p be a prime number. Then defp(Ĝ) ≥ 2.
Proof. We proceed by induction on n = ht(G) (see §2.1.2). If n = 0, then G is a
finitely generated free pro-p group satisfying def(G) ≥ 2, hence by (2.7)
(3.19) defp(Ĝ) ≥ def(Ĝ) ≥ def(G) ≥ 2.
and the claim follows. So assume that G is a limit group of height ht(G) = n ≥ 1,
and that the claim holds for all limit groups of height less or equal to n − 1. By
Proposition 2.1, G is isomorphic to the fundamental group π1(Υ,Λ, T ) of a graph of
groups Υ based on a finite connected graph Λ whose edge groups are either infinite
cyclic or trivial, and whose vertex groups are either limit group of height at most
HOMOLOGICAL APPROXIMATIONS FOR PROFINITE AND PRO-p LIMIT GROUPS 9
n − 1 or free abelian groups. Applying induction on s(Λ) = |V (Λ)| + |E(Λ)| it
suffices to consider the following two cases:
(I) G = G1 ⋆C G2 and Gi is either a limit group of height at most n − 1 or
abelian, and C is either infinite cyclic or trivial, i ∈ {1, 2};
(II) G = HNNφ(G1, C, t) where G1 is either a limit group of height at most
n− 1 or abelian, and C is either infinite cyclic or trivial.
Case I: Let G = G1 ⋆C G2. We distinguish two cases.
(1) C 6= 1. Then either G1 or G2 is non-abelian. Otherwise, one would conclude
that χ(G) = χ(G1) + χ(G2) − χ(C) = 0 and G must be abelian (see Lemma 2.2)
which was excluded by hypothesis. Since the profinite topology on G is efficient
(see [4, §3, Thm. 3.8] ), one has Ĝ = Ĝ1∐Ĉ Ĝ2. Hence without loss of generality we
may assume that G1 is non-abelian, and, by induction, defp(Ĝ1) ≥ 2. If G2 is also
non-abelian, then, by induction, defp(Ĝ2) ≥ 2. Otherwise, if G2 is abelian, then,
by hypothesis we have
defp(Ĝ2) ≥ def(Ĝ2) ≥ def(G2) ≥ 1.(3.20)
LetM a finite Zp[[Ĝ]]-module, the Mayer-Vietoris sequence associated to H
•( ,M)
gives
(3.21) 0 // H0(Ĝ,M) // H0(Ĝ1,M)⊕H
0(Ĝ2,M) // H
0(Ĉ,M)
γ1

H1(Ĉ,M)
γ2

H1(Ĝ1,M)⊕H
1(Ĝ2,M)oo H
1(Ĝ,M)oo
H2(Ĝ,M) // H2(Ĝ1,M)⊕H
2(Ĝ2,M) // H
2(Ĉ,M)
Since H2(Ĉ,M) = 0, by (3.21) counting dimension we have
− dimH2(Ĝ,M) =− dimH2(Ĝ1,M)− dimH
2(Ĝ2,M) + dimH
2(Ĉ,M)(3.22)
− dimH1(Ĝ,M) + dimH1(Ĝ1,M) + dimH
1(Ĝ2,M)
− dimH1(Ĉ,M) + dimH0(Ĝ,M)− dimH0(Ĝ1,M)
− dimH0(Ĝ2,M) + dimH
0(Ĉ,M).
As M is a finite Zp[[Ĝ]]-module, then M is a finite Zp[[Ĝi]]-module for i ∈ {1, 2},
and M is a finite Zp[[Ĉ]]-module. Then, by (2.3) and (3.22) we have
χ2(Ĝ,M) = χ2(Ĝ1,M) + χ2(Ĝ2,M)− χ2(Ĉ,M).(3.23)
Note that
χ2(Ĝ1,M) ≥ defp(Ĝ1)− 1 ≥ 1, and χ2(Ĝ2,M) ≥ defp(Ĝ2)− 1 ≥ 0.(3.24)
Furthermore,
χ2(Ĉ,M) = d(Ĉ)− 1 = 0 (see [3, §2, Example 2.6]).(3.25)
Therefore, by (3.23), (3.24) and (3.25) we have χ2(Ĝ,M) ≥ 1, hence defp(Ĝ) ≥ 2.
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(2) C = 1. Then, by (2.3) and (3.22),
(3.26) χ2(Ĝ,M) = χ2(Ĝ1,M) + χ2(Ĝ2,M) + 1.
If both G1 and G2 are abelian then def(Gi) ≥ 1 for i ∈ {1, 2}. Hence, we have
1 + χ2(Ĝi,M) ≥ defp(Ĝi) ≥ def(Ĝi) ≥ 1, for i ∈ {1, 2}.(3.27)
So, by (3.26) and (3.27) we have χ2(Ĝ,M) ≥ 1, hence defp(Ĝ) ≥ 2. Then, with-
out loss of generality we may assume that G1 is non-abelian, and, by induction,
defp(Ĝ1) ≥ 2, furthermore defp(Ĝ2) ≥ 1. It follows that
χ2(Ĝ1,M) ≥ defp(Ĝ1)− 1 ≥ 1 and χ2(Ĝ2,M) ≥ defp(Ĝ2)− 1 ≥ 0.(3.28)
Then, by (3.26) and (3.28) we have χ2(Ĝ,M) ≥ 2, hence defp(Ĝ) ≥ 3.
Case II: Let G = HNNφ(G1, C, t) = 〈G1, t | t c t
−1 = φ(c) 〉 be an HNN-extension
with C = 〈c〉. If C = 1, then G = G1⋆ < t > is isomorphic to a free product.
Hence the claim follows already from Case I. So we may assume that C 6= 1. Note
that G1 must be non-abelian. Otherwise, one has χ(G) = χ(G1) − χ(C) = 0, and
G must be abelian (see Lemma 2.2), a contradiction. Since the profinite topology
on G is efficient (see [4, §3, Thm. 3.8] ), then Ĝ = HNN(Ĝ1, Ĉ, t). Hence, as G1 is
non-abelian, induction implies that defp(Ĝ1) ≥ 2.
LetM a finite Zp[[Ĝ]]-module, the Mayer-Vietoris sequence associated toH
•( ,M)
gives
(3.29) 0 // H0(Ĝ,M) // H0(Ĝ1,M) // H
0(Ĉ,M)
γ1

H1(Ĉ,M)
γ2

H1(Ĝ1,M)oo H
1(Ĝ,M)oo
H2(Ĝ,M) // H2(Ĝ1,M) // H
2(Ĉ,M)
Since H2(Ĉ,M) = 0, by (3.29) counting dimension we have
− dimH2(Ĝ,M) =− dimH2(Ĝ1,M) + dimH
2(Ĉ,M)− dimH1(Ĝ,M)(3.30)
+ dimH1(Ĝ1,M)− dimH
1(Ĉ,M) + dimH0(Ĝ,M)
− dimH0(Ĝ1,M) + dimH
0(Ĉ,M).
As M is a finite Zp[[Ĝ]]-module, then M is a finite Zp[[Ĝi]]-module for i ∈ {1, 2},
and M is a finite Zp[[Ĉ]]-module. Then, by (2.3) and (3.30) we have
χ2(Ĝ,M) = χ2(Ĝ1,M)− χ2(Ĉ,M).(3.31)
Note that
χ2(Ĝ1,M) ≥ defp(Ĝ1)− 1 ≥ 1,(3.32)
Therefore, by (3.25), (3.31) and (3.32) we have χ2(Ĝ,M) ≥ 1, hence defp(Ĝ) ≥ 2.

As a consequence one concludes the following.
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Corollary 3.7. Let G be a non-abelian limit group such that each abelian subgroup
has rank less than or equal to 2 and let N be a normal subgroup of Ĝ such that
0 < dimFp H
1(N,Fp) < ∞, for every prime number p that divide |N |. Then |Ĝ :
N | <∞.
Proof. Let p be a prime number such that p divides |N |. Then, from Theorem 3.6 we
have defp(Ĝ) ≥ 2. Suppose by contradiction that |Ĝ : N | =∞, hence H
1(N,Fp) is
infinite (see Proposition 2.3) which is a contradiction. Therefore |Ĝ : N | <∞. 
4. Homological approximations for a pro-p limit group
Example 4.1. The pro-p group G = F ∐C F , where F = F (x, y) is a free pro-
p group of rank 2 and C is a self-centralized procyclic subgroup of F generated
by xp[x, y], is a pro-limit group whose abelianization has torsion. Indeed, the
group F ∐C F is immersed in F ∐C A, where A ≃ Z
2
p with A/C ≃ 〈a〉, because
F ∐C F ≃ F ∐C aFa
−1 is a subgroup of F ∐C A generated by F and aFa
−1. Thus,
F ∐C F is a pro-p limit group. Furthermore G
ab has an element of order p, because
Gab = 〈x, y, z, w | (xz−1)p = 1, [x, y] = [x, z] = [x,w] = [y, z] = [y, w] = [z, w]〉.
A non-trivial pro-p limit group has infinite abelianization (see [9, §4, Cor. 4.5])
and from the previous example, it makes sense to study the p-rational rank of a
pro-p limit group.
For an finitely generated pro-p group G the p-rational rank of G is given by
(4.1) rkQp(G) := dimQp(Qp ⊗Zp G
ab) = dimQp
(
Qp ⊗Zp H1(G,Zp)
)
In particular, rkQp(G) ≤ d(G
ab) ≤ d(G).
Lemma 4.1. Let G be a pro-p group of type FP∞ over Zp. Then
dimQp(Qp ⊗Zp Hj(G,Zp)
)
≤ dimFpHj(G,Fp) for all j ≥ 0.(4.2)
Proof. As G is of type FP∞ over Zp, then dimFp Hj(G,Fp) is finite and Hj(G,Zp)
is a finitely generated abelian pro-p group, for all j ≥ 0.
Consider the following exact short sequence
0→ Zp
p∗
−→ Zp → Fp → 0,(4.3)
where the map Zp
p∗
−→ Zp is the multiplication by p. Hence, by (4.3) we have the
following long exact sequence
· · · → Hj(G,Zp)
p∗
−→ Hj(G,Zp)
φ
−→ Hj(G,Fp)→ · · · ,(4.4)
where the map
H1(G,Zp)
p∗
−→ H1(G,Zp) is the multiplication by p.
By 4.4 we have
d
( Hj(G,Zp)
pHj(G,Zp)
)
≤ dimFp Hj(G,Fp).(4.5)
Note that
d
( Hj(G,Zp)
Tor(Hj(G,Zp))
)
≤ d
( Hj(G,Zp)
pHj(G,Zp)
)
(4.6)
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where Tor(Hj(G,Zp)) is the torsion group of Hj(G,Zp). As
dimQp(Qp ⊗Zp Hj(G,Zp)
)
= d
( Hj(G,Zp)
Tor(Hj(G,Zp))
)
,(4.7)
then by (4.5) and (4.6) we get the result.

Now, we show the analogous of D. Kochloukova and P. Zalesskii’s Theorem (see
[10, §5, Thm. 5.3]) for the field Qp.
Proof of Theorem C .
(1). As G is of type FP∞ over Zp (see [10, §4, Cor. 4.4]), then Ui is of type FP∞
over Zp, for all i ≥ 1. By Lemma 4.1, we have for j ≥ 3
dimQp(Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui] ≤ dimFp Hj(Ui,Fp)/[G : Ui].(4.8)
Now, by Theorem 5.3(i) in [10] we have for j ≥ 3
lim
−→
i
dimFp Hj(Ui,Fp)/[G : Ui] = 0.(4.9)
It follows by (4.8) and (4.9)
lim
−→
i
dimQp(Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui] = 0
for j ≥ 3.
(2). As G is of type FP∞ over Zp, then the p-characteristic of Euler is equivalent
to the following expression
χp(G) =
∑
0≤j≤cdp(G)
(−1)j dimFp Hj(G,Fp)
=
∑
0≤j≤cdp(G)
(−1)j dimQp
(
Qp ⊗Zp Hj(G,Zp)
)
(4.10)
Since χp(G) = χp(Ui)/[G : Ui], then by (4.10) we have for all i ≥ 1
χ(G) =
∑
0≤j≤cdp(G)
(−1)j dimQp
(
Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui](4.11)
We define a map L(U) := dimQp (Qp ⊗Zp H1(U,Zp)) − dimQp(Qp ⊗Zp H2(U,Zp)),
where U ≤o G. Hence, by (4.11) we have for i ≥ 1
χ(G) =
∑
3≤j≤cdp(G)
(−1)j dimQp
(
Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui]− L(Ui)/[G : Ui] + 1/[G : Ui]
(4.12)
It follows by (4.12) that
χ(G) =
∑
3≤j≤cdp(G)
(−1)j lim
−→
i
dimQp
(
Qp ⊗Zp Hj(Ui,Zp)
)
/[G : Ui]− lim−→
i
L(Ui)/[G : Ui] + lim−→
i
1/[G : Ui]
(4.13)
Therefore, by (1) and
−χ(G) = lim
−→
i
L(Ui)/[G : Ui]
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(3). By Lemma 4.1, we have
dimQp(Qp ⊗Zp H2(Ui,Zp)
)
/[G : Ui] ≤ dimFpH2(Ui,Fp)/[G : Ui](4.14)
Now, by Theorem 5.3(ii) in [10] we have for j ≥ 3
lim
−→
i
dimFp H2(Ui,Fp)/[G : Ui] = 0.(4.15)
It follows by (4.14) and (4.15)
lim
−→
i
dimQp(Qp ⊗Zp H2(Ui,Zp)
)
/[G : Ui] = 0(4.16)
Note that
lim
−→
i
dimQp
(
Qp ⊗Zp H1(Ui,Zp)
)
/[G : Ui] = lim−→
i
L(Ui)/[G : Ui]+
lim
−→
i
dimQp(Qp ⊗Zp H2(Ui,Zp)
)
/[G : Ui](4.17)
Hence, by (2) and (4.16) we have
lim
−→
i
dimQp
(
Qp ⊗Zp H1(Ui,Zp)
)
/[G : Ui] = −χp(G)
.

As consequence we have the Corollary D.
Proof of Corollary D. Note that
d(Ui) ≥ d(U
ab
i ) = rkQp(Ui) + T (Ui)(4.18)
Now, from Theorem 5.3(iii) in [10] we have
lim
−→
i
dimFp H1(Ui,Fp)/[G : Ui] = −χp(G).(4.19)
Furthermore, by Theorem C(3) we have
lim
−→
i
rkQp(Ui)/[G : Ui] = −χp(G)(4.20)
Hence, by (4.18), (4.19) and (4.20) we have
lim
−→
i
T (Ui)/[G : Ui] = 0.(4.21)

The following Lemma is the pro-p version of Lemma 3.1 in [5].
Lemma 4.2. Let G1 and G2 be finitely generated pro-p groups, and let C = 〈c〉 be
an procyclic group isomorphic to Zp or the trivial group.
(a) If G = G1 ∐C G2 is a free pro-p product with amalgamation in C, then
(4.22) rkQp(G) = rkQp(G1) + rkQp(G2)− ρ(G),
where ρ(G) ∈ {0, 1}. Moreover, if C = 1, then ρ(G) = 0.
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(b) If G = HNNφ(G1, C, t) = 〈G1, t | t c t
−1 = φ(c) 〉 is an pro-p HNN-
extension with equalization in C ⊆ G1, then
(4.23) rkQp(G) = rkQp(G1) + ρ(G),
where ρ(G) ∈ {0, 1}. One has an exact sequence
(4.24) C ⊗Zp Qp
α // Gab1 ⊗Zp Qp
β
// Gab ⊗Zp Qp // Qp // 0,
Moreover,
(1) ρ(G) = 0 if, and only if, α is injective;
(2) ρ(G) = 1 if, and only if, α is the 0-map.
Proof. (a) Let G = G1∐CG2. The Mayer-Vietoris sequence associated to −⊗ZpQp
specializes to an exact sequence
(4.25)
Cab ⊗Zp Qp
α // (Gab1 ⊗Zp Qp)⊕ (G
ab
2 ⊗Zp Qp)
β
// Gab ⊗Zp Qp
γ

0 Qpoo Qp ⊕Qpoo Qpoo
In particular, γ = 0, and this yields (a).
(b) In this case the Mayer-Vietoris sequence specializes to
(4.26) Cab ⊗Zp Qp
α // Gab1 ⊗Zp Qp
β
// Gab ⊗Zp Qp

0 Qpoo Qpoo Qp
δoo
In particular, δ = 0 which yields (4.24), and thus also (4.23). The final remarks (1)
and (2) follow from the fact that dim(im(α)) ∈ {0, 1}, and that dim(im(α)) = 1 if,
and only if, α is injective. 
From Lemma 4.2 one concludes the following Proposition.
Proposition 4.3. Let G be a non-procyclic pro-p limit group, then
dimQp(Qp ⊗Zp G
ab) ≥ 2.
Proof. We proceed by induction on the height n = ht(G) of G. If n = 0, then G is
a finitely generated abelian free pro-p ou free pro-p group. By hypothesis we have
(4.27) rkQp(G) ≥ 2
and hence the claim. So assume that G is a non-procyclic pro-p limit group of
height ht(G) = n ≥ 1, and that the claim holds for all non-procyclic pro-p limit
groups of height less or equal to n− 1. By theorem 3.2 in [13], G is isomorphic to
the fundamental pro-p group π1(Υ,Λ, T ) of a graph of pro-p groups Υ based on a
finite connected graph Λ which edge groups are either procyclic isomorphic to Zp
or trivial, and which vertex groups are either pro-p limit group of height at most
n− 1 or free abelian pro-groups. Applying induction on s(Λ) = |V (Λ)|+ |E(Λ)| it
suffices to consider the following two cases:
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(I) G = G1 ∐C G2 and Gi is either a pro-p limit group of height at most n− 1
or abelian, and C is either infinite procyclic isomorphic to Zp or trivial,
i ∈ {1, 2};
(II) G = HNNφ(G1, C, t) where G1 is either a pro-p limit group of height at
most n − 1 or abelian, and C is either infinite procyclic isomorphic to Zp
or trivial.
Case I: Let G = G1 ∐C G2. We distinguish two cases.
(1). If C is non-trivial, then either G1 or G2 is non-procyclic. Otherwise, one
would conclude that G must be procyclic which was excluded by hypothesis. Hence
without loss of generality we may assume that G1 is non-procyclic. If G1 is a abelian
pro-p group, then rkQp(G1) ≥ 2. If G1 is a non-abelian pro-p group, by induction,
rkQp(G1) ≥ 2. Furthermore, rkQp(G2) ≥ 1. Hence, by applying Lemma 4.22(a),
one concludes that
(4.28) rkQp(G) = rkQp(G1) + rkQp(G2)− ρ(G) ≥ 2 + 1− 1 = 2.
(2). If C = 1, by applying Lemma 4.22(a), one concludes that
rkQp(G) = rkQp(G1) + rkQp(G2) ≥ 1 + 1 = 2.(4.29)
Case II: Let G = HNNφ(G1, C, t) = 〈G1, t | t c t
−1 = φ(c) 〉 be an HNN-extension
with C = 〈c〉. If C = 1, then G = G1∐ < t > is isomorphic to a free pro-p product.
Hence the claim follows already from Case I. So we may assume that C 6= 1. Note
that G1 must be non-procyclic. Otherwise, one has that G must be procyclic, a
contradiction.
If G1 is a abelian pro-p group, then rkQp(G1) ≥ 2. If G1 is a non-abelian pro-
p group, by induction, rkQp(G1) ≥ 2. Hence, by applying Lemma 4.22(b), one
concludes that
(4.30) rkQp(G) = rkQp(G1) + ρ(G) ≥ 2 + 0 = 2.

Corollary 4.4. Let G a pro-p limit group and rkQp(G) = 1, then G ≃ Zp.
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